The use of Carbon Nanotubes as the reinforcing constituent for polymer matrix composites in place of conventional fibers has led to the emergence of a new generation of advanced composite materials. In this paper, the free vibration of functionally graded nanocomposite beams on elastic foundations are studied. Three different types of Carbon Nanotubes distributions in the polymer matrix material are studied; Uniform distribution, symmetrically functionally graded distribution and unsymmetrically functionally graded distribution. The analysis is carried out by a mesh-free method using the two-dimensional theory of elasticity. The Moving Least Square shape functions are implemented to approximate the displacement field. Due to the absence of the Kronecker delta property of the shape functions, a transformation technique is used to apply the essential boundary conditions. After validation, the effects of different design parameters such as Carbon Nanotubes distribution, slenderness ratios, boundary conditions and foundation stiffness on the vibrational behavior of the structure are investigated. It can be seen that from a design perspective, the vibrational response of a FG structure may be controlled in two ways; one way is through changing the distribution of the CNT's in the matrix material and the other way is by changing stiffness of the elastic foundation on which it is resting. A notable observation is that increasing the stiffness of the foundation will move the neutral axis away from the foundation support of the beam. The current approach can serve as a benchmark against which other semianalytical and numerical methods based on classical beam theories can be compared.
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INTRODUCTION
Carbon NanoTubes (CNT's), due to their supreme mechanical, thermal and electrical properties, have recently attracted numerous applications in different fields. [Dai (2007) , Kang et al. (2006) , Lau et al. (2006) ] In particular, their use as the reinforcing constituent for polymer matrix composites in place of conventional fibers has led to the emergence of a new generation of advanced composite materials.
However, one problem with the application of CNT's as the reinforcing agent in polymers is the weak interfacial bonding between the CNT's and the matrix. This shortcoming can be alleviated through the use of Functionally Graded Materials (FGM's) in which material properties vary smoothly and continuously [Yas and Samadi (2012) ]. This smooth variation of material properties is a major advantage of FGM's over conventional laminated composites where the sudden change in material properties across the interface causes delamination. In addition, in FGM's, the volume fractions of the constituents can be tailored for optimal performance of the structure [Qian and Ching (2011) ]. It has been suggested by Shen (2009) that using the concept of FGM, i.e., gradual distribution of CNT's in the matrix material can considerably improve the interfacial bonding strength between the CNT's and the matrix.
Although a large amount of research has been dedicated to accurately obtaining the mechanical properties of Carbon NanoTube-Reinforced Composites (CNTRC's) [Odegard et al. (2003) , Hu et al. (2005) , Fidelus et al. (2005) , Bonnet et al. (2007) , Han and Elliot (2007) , Zhu et al. (2007)] , not as many studies have yet been conducted on the global response of CNTRC's to actual structural loading conditions in practical applications which is of course the ultimate purpose for the design and development of such materials.
One example of practical applications of such advanced composite materials are in structures resting on elastic foundations. In particular, FGM beams on elastic foundations are often used to describe a lot of engineering problems and has application in geotechnics, road, railroad and marine engineering and bio-mechanics. The selection of the proper CNT's distribution and foundation stiffness are two important aspects to be taken into account in the design of such structures
In the literature, the works on FGM beams resting on elastic foundations can be classified into two main categories. The first group used analytical and semi-analytical methods to study the bending and vibrations of FG beams resting on elastic foundations. Ying et al. (2008) presented exact solutions for functionally graded simply supported beams resting on a Winkler-Pasternak elastic foundation based on the two-dimensional theory of elasticity. Fallah and Aghdam (2011) studied the free vibration and post-buckling of FG beams on nonlinear elastic foundations subject to axial loads. They used He's variational method to get the approximate closed form solution of the nonlinear governing equation. Arefi (2014) studied the nonlinear response of FG beams on elastic foundations and spring supports using Adomians Decomposition and successive approximation methods for the solution of the nonlinear differential equation. Yaghoobi and Torabi (2013) used the Variational Iteration Method to study the post-buckling and vibration of geometrically imperfect FG beams resting on elastic foundation. The Variational Iteration Method was also used by Kanani et al. (2014) to study the free and forced vibrations of FG beams on elastic foundations. The second group of works utilized numerical methods to investigate static and dynamic behavior of FGM beams resting on elastic foundations. From among numerical methods, the Finite Element Method (FEM) has widely been used for this purpose. Examples of research studies using the FE method are the works done by Abbas and Thomas (1978) , Ozturk and Sabuncu (2005) , Mohanty et al. (2011) . Differential quadrature (DQ) method is another numerical scheme used to study the bending and vibration of FGM beams on elastic foundations. Researchers who have used the DQ method to this aim include Pradhan and Murmu (2009); Esfahani et al. (2013) ; Yas and Samadi (2012) .
In recent years, mesh free methods have been used as an efficient numerical method to solve different initial-boundary-value problems. Unlike the finite element method (FEM), in mesh-free methods the physical problem domain is modeled by only a set of scattered nodes without the need to be connected to form a closed polygon. The main advantage of mesh-free methods as compared to the FEM is the elimination of the mesh generation phase which can therefore save a considerable amount of time in the pre-processing phase. In addition, the computed stress by Mesh free methods result in smooth strain and stress fields without the need for any post-processing technique. As for functionally graded materials, since in mesh-free methods unlike the FEM, the material variation is captured at the integration points, fewer nodes will be required in the analysis of the problem for the same level of accuracy [Qian and Ching (2011) ]. Different mesh-free methods have so far been proposed. Examples are the Diffuse Element Method (DEM) [Nayroles et al. (1992) ], the ElementFree Galerkin (EFG) method [Belytschko et al. (1994) ], the Hp-Clouds method [Duarte and Oden (1996) ], the Reproducing Kernel Particle Method (RKPM) [Liu et al. (1995) ], the Partition of Unity Finite Element Method (PUFEM) [Melenk and Babuska (1996) ], and the Meshless Local PetrovGalerkin (MLPG) method. [Alturi and Zhu (2000)]
One of the most frequently used mesh-free methods in the analysis of solid mechanic problems is the Element Free Galerkin (EFG) method which utilizes the moving least square (MLS) shape functions. The main challenge in this method is the imposition of the essential boundary conditions due to the absence of the Kronecker delta property of the MLS shape function. To overcome this problem, the EFG method utilizes the Lagrange Multipliers Scheme for the imposition of the essential boundary conditions. However, this will be at the cost of increasing the number of degrees of freedom and resulting in a non-positive definite system matrix. In order to circumvent the aforementioned issue, in the present paper, the transformation technique [Moradi-Datjerdi et al. (2013) ] is used to impose the essential boundary conditions. In this technique, after the correction of the mesh-free shape functions, the essential boundary conditions are imposed as in the FEM causing the number of the degrees of freedom to remain unchanged. A very recent work using MLS shape functions is the study of the free vibration of functionally graded cylindrical panels in 3 dimensions conducted by Soltanimaleki et al. (2015) . The bulk of the works in the literature are based on the assumptions of beam theories; mostly Euler-Bernoulli and Timoshenko. However, beam is a threedimensional structure and although Timoshenko theory is an improvement on the Euler Bernoulli theory, the assumptions of the beam theories may not accurately represent the actual response of the structure [Labuschagne et al. (2009)] . The objective of the present work is to study the vibration of functionally graded nanocomposite beams resting on Winkler and Pasternak foundation using the two-dimensional theory of elasticity by a mesh-free method. In addition to the practical applications of the problem under consideration, the distinctive features of the current work are the use of a meshless method considering the afore-mentioned advantages and the two dimensional elas-
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ticity solution which can give a more realistic representation of the structure compared to beam theories especially as the aspect ratio of the beam increases.
The FG beam in this study is reinforced by randomly oriented Single-Walled Carbon NanoTubes (SWCNT's). It is assumed that the material properties vary in the thickness direction and are approximated using the Mori-Tanaka method [Mori and Tanaka (1973) ]. In the mesh-free method, the moving least square (MLS) shape functions are implemented to approximate the displacement field. The model is validated through comparison with the exact solution both for thick and thin beams. Once validated, the effects of different design parameters such as CNT's distribution, slenderness ratios, boundary conditions and foundation stiffness on the vibrational behavior of the structure are investigated.
MATERIAL PROPERTIES
As the reinforcing constituent, CNT's are either aligned or randomly oriented in the isotropic matrix material. The effects of randomly oriented CNT's on the elastic properties of CNTRC's have been thoroughly investigated by Shi et al. (2004) . Figure 1 shows a representative volume element of a polymer matrix reinforced with randomly oriented straight CNT's. The orientation of the straight CNT is identified by angles α and β. According to shi et al. (2004) , despite the CNT's having transversely isotropic properties, when the CNT's are randomly oriented in the matrix, the composite material can be modeled as an isotropic material. The effective properties of the isotropic materials is derived using the Mori-Tanaka approach. The Mori-Tanaka method is based on the assumption that each inclusion is embedded in the pristine matrix and subjected to far field average stress and strain [Mori and Tanaka (1973) ]. The effective bulk modulus K and shear modulus G are defined as [Shi et al. (2004) 
where Km and Gm are the shear and bulk moduli of the matrix material, respectively. Vr and Vm denote the volume fractions of reinforcements and matrix, respectively and 
kr, lr , mr , nr and pr are the Hill's elastic moduli of the CNT's. The effective Young's Modulus E and Poisson's ratio υ are defined as:
The volume fractions of the reinforcement Vr and matrix Vm are related as:
Three different cases are investigated; uniform distribution (UD), symmetrically functionally graded (SFG) distribution and unsymmetrically functionally graded (USFG) distribution. The reinforcement volume fraction Vr for each case is defined as follows: wr is the mass fraction of reinforcement. ρr and ρm are the densities of reinforcement and matrix, respectively. The mass density of the composite is calculated using the rule of mixtures:
Carbon Nanotubes are distributed in the matrix material in three different patterns; uniformly distributed, resulting in a uniform volume fraction through the thickness; symmetrically distributed in which the volume fraction of the reinforcement is minimum on the neutral axis and linearly increases away from the neutral axis in the y direction and the unsymmetric distribution in which the volume fraction linearly increases through the thickness from the top to the bottom. Figure 2 schematically shows the FG beam cross sections for the three different CNT's distribution types. Table 1 lists the material properties of the SWCNT's reinforcement predicted through replacement with an equivalent long fiber [Yas and Heshmati (2012) ]. 
PROBLEM FORMULATION
The standard variational form of the equation of motion is expressed as follows:
where σ, ɛ, F, u and represent stress, strain, surface traction, displacement and acceleration vectors respectively. ᒥ is a part of boundary of domain Ω on which traction F is applied. Stress and strain vectors are related through Hook's law:
In the present work, moving least square (MLS) shape functions introduced by Lancaster and Salkauskas (1981) are used to approximate the displacement vector u at any point of interest using the nodes in the local support domain of that point. For a two dimensional problem: u φ u (17) ɸ and are the shape function matrix and the nodal values vector, respectively; n denotes the number of the nodes in the local support domain of the point of interest.
The strain-displacement relation can be expressed in terms of the nodal values as follows:
where 
Substituting equations 16, 17 and 20 into the equation of motion yields:
In the above-given equation the surface traction will be the reaction force of the elastic foundation which can be written in terms of nodal displacements:
where KW and KP are defined as follows:
KW, known as the Winkler coefficient, is the spring stiffness of the foundation controlling the transverse deflection of the structure. KP, known as Pasternak coefficient, is the stiffness of a shear layer which accounts for the shear interactions on the vertical springs of the foundation. Figure 3 shows the geometry of a beam on Winkler-Pasternak foundation. 
N is the total number of nodes in the problem domain. For numerical integration, the problem domain is discretized to a set of background cells with gauss points inside each cell. Then global stiffness matrix K is obtained numerically by sweeping all gauss points inside Ω. . Similarly global force vector f is formed numerically in the same manner but by sweeping all gauss points on ᒥ. Since the MLS shape functions do not possess the Kronecker delta property, the essential boundary conditions may not be directly imposed on the nodal vector . To alleviate this problem, a transformation matrix is constructed which relates the real nodal displacement vector, to :
U T U (30)
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where
Using equation 30, equation 26 can be rewritten as:
The essential boundary conditions can now be imposed on the modified system (equation 32) similar to the finite element analysis. Table 2 lists the fundamental frequency parameters for simply supported beams on Winkler and Pasternak foundations compared with the exact solution obtained by Chen et al. (2004) . They assumed trigonometric functions for the variations of the axial deflection, transverse deflection, transverse normal stress and shear stress such that simply supported end conditions are satisfied. The results are seen to be in very good agreement with the literature for both thin and thick beams.
RESULTS
Foundation Stiffness L/h=120 L/h=15 L/h=5 w p/π2 Present Exact [Chen et al. (2004)] Present Exact [Chen et al. (2004) 
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The convergence process of the above-obtained results is highlighted in table 3 showing how the dimensionless natural frequency of the beam vary with the number of nodes. The convergence is seen to have occurred for N=91x19 which will be used for the analyses and modified accordingly for different slenderness ratios. Table 3 : Variations of the fundamental frequency parameter with the number of nodes (L/h=5). Table 4 shows how the first 3 dimensionless frequencies for different distribution types and volume fractions vary with foundation stiffness. The introduction of Winkler and Pasternak foundations are seen to increase the rigidity and consequently the frequency parameter of the structure. The frequencies and stiffness foundations are nondimensionalized as follows:
A11 and I11 are the stiffness and inertia terms of a homogeneous beam. Figure 4 shows the variations dimensionless fundamental frequency for different CNT's distribution types against the stiffness of the Winkler layer. It can be seen that for a given CNT's volume fraction and foundation stiffness, due to the symmetrically linear distribution of CNT's in the matrix material i.e., the existence of more CNT's in the high bending stress regions farther from the neutral axis, the SFG has the highest bending stiffness and consequently the highest natural frequency of all the three cases. Similarly, the unsymmetrical distribution of CNT's leads to the USFG distribution type having the lowest natural frequency. . , L/h=5, .
In figure 5 , the effect of the shear layer stiffness on the fundamental frequency of the structure is illustrated for two different slenderness ratios. Increasing the foundation stiffness results in a more rigid structure thereby giving rise to the frequency of the vibration. From a design perspective, the vibrational response of a FG structure may be controlled in two ways; one way is through changing the distribution of the CNT's in the matrix material and the other way is by changing stiffness of the elastic foundation on which it is resting. However, as can be seen for thin beams, the latter approach seems more practical. . , L/h=5, . .
How Winkler foundation stiffness affects the fundamental frequency of the structure is depicted in figure 6 . It is observed that increasing Winkler stiffness increases the frequency of the vibration; however, the rate of this increase gradually diminishes such that after a certain value of stiffness, no sensible change in the frequency occurs. . , L/h=5, . .
The variation of deformation along the thickness which may not be accurately described by simplified beam theories, can be investigated through the use of the dimensional elasticity. The use of two-dimensional elasticity theory as compared to beam theories will permit the investigation of through-thickness variations of deformations. The effect of elastic foundations on the throughthickness variations of the transverse deflections is presented in figure 7 . A notable observation is that increasing the stiffness of the foundation will move the neutral axis away from the foundation support of the beam. . , L/h=5.
The effect of CNT's volume fraction on the frequency of UD and SFG distribution is shown in figure 8 . Increasing the volume fraction of the reinforcement is seen to increase the rigidity and consequently the natural frequency of the structure for both distribution types. While for low CNT's volume fraction, there is little difference between the responses of the SFG and UD beams, increasing the volume fraction of the reinforcement is seen to be highlighting the symmetrical distribution effect of the SFG beam on increasing the frequency parameter of the structure. . , L/h=5, . .
To study the effect of boundary conditions on the vibration of the SFG beams four combinations of free, simply supported, and clamped boundaries designated as C-C, C-S, S-S, C-F have been considered as shown in Figure 9a . The letters F, S, and C denote free, simply supported and clamped, respectively. It is seen that the fundamental frequency increases with greater geometric constraint in the following sequence (C-F, C-S, S-S, and C-C) which is due to the increase in the bending stiffness of the structure. A noteworthy observation is that unlike other boundary conditions, for the C-F type, the fundamental frequency tends to slightly decrease with increasing the Pasternak stiffness. Such a trend, however, as seen in figure 9b, is not observed when increasing the Winkler stiffness of the structure. 
CONCLUSIONS
The vibration behavior of functionally graded beams reinforced by randomly oriented SWCNT's on elastic foundations is studied using a mesh-free method. Three different types of CNT's distributions in the polymer matrix material are investigated; uniform distribution (UD), symmetrically functionally graded (SFG) distribution and unsymmetrically functionally graded (USFG) distribution. The current two dimensional elasticity approach can serve as a benchmark against which other semi-analytical and numerical methods based on classical beam theories can be compared. Based on the obtained results the following observations are made: It is observed that for a given foundation stiffness, functionally graded CNT's with SFG i.e. the symmetric distribution has better capability to increase the frequency of the structure in comparison with other distribution types. This is because of the existence of more CNT's in the high bending stress regions farther from the neutral axis. In fact, the frequency of the structure can be controlled either by the distribution type of the CNT's in the matrix material or changing the stiffness of the elastic foundation. The rate of frequency increase due to foundation stiffness is seen to be higher for thin beams in comparison with thick beams. The results also indicate that increasing the stiffness of the foundation after a certain value has no impact on the frequency of the structure. Unlike beam theories, the present approach will allow one to investigate the deformation along the thickness direction. The results show that increasing the foundation stiffness moves the neutral axis away from the foundation support of the beam. Greater geometric constraint is seen to increase the flexural rigidity and thus the fundamental frequency of the structure. From the four different boundary conditions studied; C-F, C-S, S-S, and C-C, only for the C-F boundary condition, increasing the Pasternak stiffness of the foundation results in a slight decrease in the frequency of the beam.
